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ABSTRACT 

c 

This  i s  an i n t e r i m  repor t  which summarizes work 

dur ing  t h e  p a s t  s ix  months on a t h e o r e t i c a l  s tudy  of  

some a s p e c t s  of t h e  i n t e r a c t i o n  between a d r i f t i n g  

stream of  e l e c t r o n s  w i t h  t r a n s v e r s e  cyc lo t ron  

motions and an  electromagnet ic  f i e l d .  P a r t i c u l a r  

emphasis i s  given t o  t h e  p o s s i b l e  genera t ion  and 

a m p l i f i c a t i o n  of mi l l imeter  waves. The r e p o r t  i nc ludes  

b r i e f  d i scuss ions  of two a s p e c t s  of t h e  beam waves of 

a s p i r a l i n g  f i lamentary  e l e c t r o n  beam. The f i r s t  i s  

a p re l imina ry  coupled mode a n a l y s i s  of t h e  i n t e r a c t i o n  

between t h e  beam waves and t h e  TE waves of a c i r c u i t ,  

and t h e  second i s  t h e  determination of t h e  power 

a s s o c i a t e d  wi th  t h e  beam waves when they  are  exc i t ed  by 

TEM c i r c u i t  waves. 
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I. INTRODUCTION 

The ob jec t ive  of t h i s  r e sea rch  program i s  t o  

explore  t h e o r e t i c a l l y  some aspec t s  of t h e  i n t e r a c t i o n  

between a d r i f t i n g  stream of e l e c t r o n s  having t r a n s -  

verse  cyc lo t ron  motions and an electromagnetic f i e l d ;  

p a r t i c u l a r  e q h a s i s  being g i v m  t o  t h e  p o s i b l e  

genera t ion  and ampl i f i ca t ion  of  mi l l ime te r  waves. 

Because o f  t h e  i n t e r e s t  i n  p o s s i b l e  a p p l i c a t i o n s  t o  

mi l l ime te r  wavelengths, t h i s  s tudy  concent ra tes  on 

e l e c t r o n  stream - electromagnetic f i e l d  i n t e r a c t i o n s  

which involve a uniform, o r  fast-wave, c i r c u i t  s t r u c t u r e .  

This  i n t e r im  r e p c r t  summarizes work on two aspec t s  

of t h e  i n t e r a c t i o n  between s p i r a l i n g  e l e c t r o n  beams 

and electromagnetic f i e l d s .  Sec t ion  I1 extends t h e  

previous coupledmode analysis’  of t h e  i n t e r a c t i o n  

between a s p i r a l i n g  f i lamentary  e l e c t r o n  beam and TEM 

c i r c u i t  waves t o  t h e  i n t e r a c t i o n  w i t h  TE c i r c u i t  waves. 

Sec t ion  I11 i s  concerned with t h e  development of a 

procedure f o r  determining t h e  power a s soc ia t ed  w i t h  t h e  

beam waves of a s p i r a l i n g  f i lamentary  e l e c t r o n  beam. 

Using t h i s  procedure t h e  power a s soc ia t ed  with s e v e r a l  

of t h e  beam waves i s  determined when they a r e  exc i ted  

by va r ious  TEM c i r c u i t  waves. 
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11. SPIRALING FILAMENTARY ELECTRON BEAM 

INTERACTION WITH A TE WAVE 

A. Basic Equations 

The previous semiannual s t a t u s  report '  presented 

some a s p e c t s  of t h e  i n t e r a c t i o n  between a s p i r a l i n g  

f i l amen ta ry  e l e c t r o n  beam and t h e  TEM waves of a 

uniform c i r c u i t .  That ana lys i s  i s  extended here  t o  

cons ider  t h e  i n t e r a c t i o n  w i t h  t h e  TE waves of a 

uniform c i r c u i t .  Again, a coupled mode, small s i g n a l ,  

a n a l y s i s  i s  employed, and r e l a t i v i s t i c  e f f e c t s  a r e  

included. The model f o r  t h e  s p i r a l i n g  f i lamentary  

e l e c t r o n  beam, t o g e t h e r  wi th  t h e  d-c and f i r s t  o rder  

a-c e l e c t r o n  beam equations were presented i n  t h e  

previous r e p o r t  and w i l l  no t  be repeated here .  

The i n t e r a c t i o n  c i r c u i t  considered i s  a square 

waveguide of edge a. 

supported by t h i s  waveguide, a t t e n t i o n  i s  r e s t r i c t e d  

t o  combinations o f  t h e  dominant TEIO and TEOlmodes 

which provide p o s i t i v e  and nega t ive  c i r c u l a r l y  po la r i zed  

waves a t  t h e  c e n t e r  of  t h e  waveguide. The a x i s  of t h e  

s p i r a l i n g  f i l amen ta ry  e l ec t ron  beam i s  assumed t o  

O f  t h e  i n f i n i t e  s e t  of modes 

co inc ide  wi th  t h e  waveguide a x i s .  

There a r e  two m a j o r  d i f f e r e n c e s  i n  t h i s  case  of 

TE wave i n t e r a c t i o n  compared w i t h  t h e  1'EM wave i n t e r a c t l o n  

considered previous ly .  F i r s t ,  an a x i a l  a-c magnetic 
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field is now present which contributes to the transverse 

acceleration of the electrons. Second, the fields of 

the TE waves are not uniform over the cross section of 

the waveguide (the TEM wave considered previously was 

uniform in the transverse plane). 

are included in the analysis. 

Both of these effects 

I I The six beam waves, P i ,  P I ,  V', Q,, Q-, and W' are - 
defined essentially as before (Equations (17a) - (l7f) 

of reference 1). 

beam waves is changed slightly to conform with the 

waveguide circuit now considered. 

The normalizing factor M for these 

The circularly polarized circuit wave amplitudes are 

defined as 

where FI represent positive and negative circularly 
r 

polarized waves traveling in the +z direction, and G+ 

represent similar waves traveling in the -z direction. 

- 
- 

Here Z is the impedance of the TEIO mode of the square 

waveguide. The circularly polarized electric and magnetic 
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f i e l d  amplitudes which appear i n  t h e s e  equat ions a r e  

based on t h e  e l e c t r i c  and magnetic f i e l d s  a t  t h e  c e n t e r  

of t h e  waveguide. 

iJ+ 
H i  = ( H x ( O , O )  + j H  (0 ,O))e  Y - - 

The a x i a l  magnetic f i e l d  HZ can be expressed i n  

terms of t h e  t r ansve r se  components of t h e  e l e c t r i c  f i e l d  

us ing  t h e  usua l  expressions f o r  t h e  f i e l d s  of a 

r ec t angu la r  wavegQide. Hence t h e  a x i a l  magnetic f i e l d  

amplitude can be expressed i n  terms of t h e  c i r c u i t  wave 

amplitudes,  F+ and G+ . I 1 

- - 
The coupled mode equations f o r  t h e  c i r c u i t  wave 

amplitudes a r e  obtained from Maxwell's equations by 

averaging over t h e  c ross  s e c t i o n  of t h e  waveguide. The 

e l e c t r o n  beam cur ren t  en ters  as a d r i v i n g  term, but  t h e  

p r e c i s e  l o c a t i o n  of t h e  e l e c t r o n s  wi th in  t h e  c ros s  

s e c t i o n  does n o t  a f f e c t  t h e s e  c i r c u i t  equat ions.  

I n  t h e  equations of motion, however, t h e  e l e c t r i c  

and magnetic f i e l d s  which cause t h e  fo rces  a c t i n g  on 

t h e  e l e c t r o n s  must be evaluated a t  t h e  e l e c t r o n s '  

l oca t ion .  That i s ,  t h e  a-c e l e c t r i c  and magnetic f i e l d s  

4 



must  be evaluated a long  t h e  d-c s p i r a l  t r a j e c t o r y  of 

t h e  e l e c t r o n  beam, although t h e  wave amplitudes a r e  

expressed i n  terms of the  f i e l d s  a t  t h e  c e n t e r  of 

t h e  waveguide. Reca l l ing  t h a t  t h e  d-c components of 

t h e  t r a n s v e r s e  p o s i t i o n  o f  t h e  e l e c t r o n s  a r e  xo = ro cos+. 

yo = r sin?#, where ro i s  t h e  r a d i u s  of  t h e  e l e c t r o n  

beam s p i r a l ,  t h e  e l e c t r i c  and magnetic f i e l d s  a t  t h e  

beam l o c a t i o n  can be  expressed i n  terms of s e r i e s  of 

Bessel  func t ions  of t h e  f i r s t  kind. 

0 

co 

(n-ro/a)cos( (4n-2)q)E - + -k * J4n-2 
n-1 

Hx( 0,O) cos (n-xo/a) + j H (0,O) cos (n-yo/a) Y - 

J0(aro/a)+2 J 4 n ( ~ r o / a ) c o s  (4nq) H+ 
n=l  1 -  

a, 

(rro/a)cos( (4n-2)+) H 
-- * n=l  X L - 2  -r 
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n=l 

It i s  t h e s e  f i e l d  q u a n t i t i e s  which a r e  t o . b e  used i n  

t h e  equat ions of motion f o r  t h e  e l e c t r o n  beam. 

The t e n  coupled .mode equat ions f o r  t h i s  system of 

s i x  e l e c t r o n  beam waves and four  c i r c u i t  waves a r e  

obtained, as before ,  from t h e  equat ions of motion f o r  

t h e  e l e c t r o n  beam and Maxwell's equat ions.  

6 
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a 
- e10 

--27 mo c 

I n  these  coupled mode equat ions,  t h e  cons t an t s  

0, h ,  7, and N a r e  as defined i n  t h e  previous r epor t .  1 

I n  add i t ion ,  Z i s  t h e  impedance of f r e e  space (377 ohms), 

while  4 and Z are t h e  phase cons tan t  and impedance, 

r e spec t ive ly ,  f o r  t h e  TEIO mode i n  t h e  square  waveguide 

i n  t h e  absence of  t h e  e l ec t ron  beam. 

0 

B. .Discussion 

Severa l  conclusions can be drawn from t h e  coupled 

mode equations given above even before  any s o l u t i o n  i s  

attempted. Since t h e r e  a r e  t e n  coupled equat ions,  t h e r e  

should be t e n  c h a r a c t e r i s t i c  propagat ion cons t an t s  (with,  

perhaps,  a few degeneracies) f o r  any s e t  of  pa rane te r s .  

The f i rs t  s t e p  i n  any attempted s o l u t i o n  would be t o  

determine t h e s e  t e n  c h a r a c t e r i s t i c  propagat ion cons tan ts .  

I f  t h e  r a d i u s  of the e l e c t r o n  beam s p i r a l  becomes 

n e g l i g i b l e  compared t o  t h e  waveguide dimension, t h a t  i s ,  

i f  ro/a approaches zero,  then  t h e  t e n  coupled mode 

equat ions reduce e s s e n t i a l l y  t o  t h e  equat ions obtained 

f o r  TEM wave i n t e r a c t i o n  . 
approaches u n i t y  and Jn(rro/a) approaches zero ( n  > 1) 

as ro/a approaches z e r o .  

1 This occurs because J0(srro/a) 

- 
This l i m i t i n g  case  i s  important 

10 



- -  

because t h e  equat ions become coupled, f i r s t  order ,  

o rd inary  d i f f e r e n t i a l  equations w i t h  cons tan t  c o e f f i c i e n t s  

which may be r e a d i l y  solved. A p o s s i b l e  method t o  so lve  

t h e  equat ions f o r  f i n i t e  va lues  of ro/a, when many of 

t h e  c o e f f i c i e n t s  a r e  no longer  cons tan ts  bu t  are func t ions  

of z through 9 ,  may be based on t h i s  r e s u l t .  The method 

i s  t o  use a p e r t u r b a t i o n  a n a l y s i s  and express  t h e  wave 

amplitudes i n  terms o f  s e r i e s  expansions of powers of 

t h e  parameter ro/a. For most cases  of i n t e r e s t ,  ro/a 

w i l l  be small enough t h a t  on ly  a few terms w i l l  be 

r e q i i r e d  i n  t h e  s e r i e s  t o  g ive  good r e s u l t s .  

A s  a f i r s t  s t e p  i n  t h e  s o l u t i o n  of t h e  coupled mode 

equat ions,  then,  a d iscuss ion  of t h e  s o l u t i o n s  f o r  

ro/a = 0 i s  necessary.  In  t h i s  ca se  t h e  v a r i a t i o n  of 

t h e  f i e l d  amplitudes over t h e  waveguide c ros s  s e c t i o n  

has  no e f f e c t  on t h e  s c l u t i o n s ,  nor does t h e  a x i a l  a-c 

magnetic f i e l d  have any e f f e c t  s i n c e  it i s  zero  on t h e  

waveguide a x i s .  

s t r a i g h t  f i l amentary  e l e c t r o n  beam. However, t h e  view- 

To be p r e c i s e ,  ro/a = 0 impl ies  a 

po in t  here  w i l l  be  t h a t  t h e  f i lamentary  e l e c t r o n  beam 

s p i r a l s ,  bu t  t h a t  t h e  s p i r a l  r a d i u s  i s  n e g l i g i b l e  

compared t o  t h e  waveguide dimension as f a r  as t h e  

t r a n s v e r s e  f i e l d  v a r i a t i o n  and t h e  a x i a l  a-c  magnetic 

f i e l d  a r e  concerned. 

The uncoupled (K = 0)  s o l u t i o n s  f o r  t h e  t e n  waves 

a r e  immediately obta inable  from Equations (6a) t o  ( 6 j )  

11 
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and t h e  co-B diagrams f o r  t h e s e  uncoupled waves a r e  

shown i n  Figure 1. The s i x  e l e c t r o n  beam waves a r e  

shown wi th  s o l i d  l i n e s  and t h e  f o u r  c i r c u i t  waves with 

dashed l i n e s .  

The coupling between t h e  var ious  waves can have 

two e f f e c t s ;  f i r s t ,  t h e  presence of one of t h e  waves 

may cause t h e  o t h e r  waves t o  be exc i t ed ,  and second, 

t h e  propagat ion constants  may be per turbed  from t h e  

uncoupled va lues .  Examination of t h e  coupled mode 

equat ions shows t h a t  when ro/a = 0, t h r e e  of t h e  

propagat ion cons tan ts  f o r  t h e  uncoupled waves a r e  not  

a f f e c t e d  by t h e  presence of f i n i t e  coupling. These 

a r e  t h e  propagat ion cons tan ts  for t h e  Q+, Q-, and W I  

waves. Thus, t h r e e  of  t he  t e n  phase cons t an t s  sought 

a r e  

I 1 

B = Be - nB, 

B = Be ( 9 4  

At ten t ion  w i l l  b e  d i r e c t e d  here  p r i m a r i l y  t o  t h e  

frequency range i n  t h e  neighborhood of  u) = Qc. 

t h i s  frequency range the re  i s  t h e  p o s s i b i l i t y  of s t rong  

coupl ing between t h e  P+, P , F+, and G 

I n  

I I 1 1 
waves, w i t h  + - 

r e l a t i v e l y  l i t t l e  coupling t o  t h e  o t h e r  waves which have 

uncoupled propagat ion cons tan ts  widely separa ted  from 

12 
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I . 

t hose  of t h e  four  waves l i s t e d .  A s  a consequence, one 

can t a k e  t h r e e  a d d i t i o n a l  propagat ion cons t an t s  as being 

e s s e n t i a l l y  i d e n t i c a l  with those  of t h e  uncoupled waves, 

V , F , a n d G  . 1 1 1 

- - 

8 = 4  

This leaves four  propagation cons tan ts  t o  be 

found, with t h e s e  based on t h e  p o s s i b l y  s t rong  coupling 

between P+, P , F+, and G+. A t y p i c a l  r e s u l t  f o r  t h e  

i n t e r a c t i o n  between these  waves i s  shown i n  Figure 2. 

I I 1 1 

- 

I n  t h e  frequency neighborhood where t h e  coupling between 
1 1 1 

P+, P , and F+ i s  s t ronges t ,  a l l  four  waves have r e a l  - 
phase cons tan ts .  I n  t h e  frequency neighborhood where 

t h e  coupling i s  s t ronges t  between P+, P - , and G+, t h e r e  

a r e  two r e a l  phase cons tan ts  and two complex conjugate  

phase cons tan ts .  

f I 1 

These r e s u l t s  f o r  t he  very small beam s p i r a l  r ad ius  

(ro/a approaching zero)  can then  be used as t h e  zero 

order  s o l u t i o n  of t h e  f i n i t e  beam s p i r a l  so lu t ion .  

Examinatisn cf t h e  cnup1~d.  mode equat ions shows t h a t  

t h e  p e r t u r b a t i o n  parameter should be (.irrO/a) , s i n c e  

powers of this f a c t o r  en te r  i n t o  t h e  equat ions.  Note 

2 
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I ' .  

that to be consistent, the various Bessel functions 

should be expanded in powers of (rro/a) and only those 

terms retained which are consistent with the order of 

the approximation for the solution. The influence of 

both the transverse field variation and the axial a-c 

magnetic field will appear in the first order approximation, 

that is, in terms of order (rro/a) 2 . Representative 

solutions of the finite radius spiraling filamentary 

electron beam interaction with TE waves will be explored 

in the next research period. 

I 
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111. POWER EXCHANGE FOR TRANSVERSE WAVES 

ON FILAMENTARY ELECTRON BEAMS 

. 
I '  

A. Introduction 

One of the properties of major interest in 

electron beam-electromagnetic field interaction systems 

is the power exchanged between the electron beam and 

the electromagnetic field. In particular, an understanding 

of the power exchanged is useful in predicting the 

possibility of amplification or oscillation by the 

system. When a coupled mode analysis is made, a 

knowledge of the sign of the power associated with the 

various modes of the uncoupled elements, together with 

appropriate power theorems, enables one to predict the 
character of the possible interactions which can occur. 2 

The sign of the power associated with the modes of 

an electron beam is a somewhat delicate question. For 

longitudinal electron beam waves, i.e., space charge 

waves, there is no ambiguity, and the sign of the power 

for the fast and slow space charge waves can be determined 

from a consideration of the beam dynamics. For transverse 

electron beam waves, however, the sign of the power may 

depend on the properties of the circuit with which the 

eiecirori beam interacts.' 

at least some of the properties of the interaction circuit 

in order to determine the sign of the power for the 

 hat is, ofie nurt s p e c i f y  



I 

t r a n s v e r s e  e l e c t r o n  beam waves. 

When a small  s i g n a l ,  or l i n e a r ,  a n a l y s i s  of t h e  

i n t e r a c t i o n  between an e l ec t ron  beam and an e l e c t r o -  

magnetic f i e l d  i s  made, t he  var ious  a-c f i e l d s ,  c u r r e n t s ,  

e t c . ,  a r e  d'etermined o n l y  t o  f i r s t  order ,  and h igher  

order  terms a r e  dropped. However, t h e  power, which 

depends i n  p a r t  on t h e  product of f i r s t  order  a-c 

q u a n t i t i e s ,  i s  a second order  r e l a t i o n .  Therefore,  one 

mus t  exe rc i se  c a r e  i n  eva lua t ing  t h e  power from t h e  

s m a l l  s i g n a l  q u a n t i t i e s  t o  ensure t h a t  a l l  t h e  r e l evan t  

terms have been p rope r ly  included.  

For example, consider  t h e  magnetic fo rce  a c t i n g  on 

t h e  e l e c t r o n s  of t h e  beam. 

an e l e c t r o n  i s  

The t o t a l  f o r c e  a c t i n g  on 

C l e a r l y  t n e r e  i s  no n e t  power exchange a s soc ia t ed  

d i r e c t l y  with t h e  magnetic f i e l d ,  s i n c e  

u (EXB) = 0 

For t h e  moment, assume t h a t  t h e  e l ec t rons  have a d-c 

v e l o c i t y  only i n  t h e  z d i r e c t i o n  and t h a t  t h e  magnetic 

f i e l d  has a d-c component only i n  t h e  z d i r e c t i o n .  I n  

a small signal t h e o r y  there w i l l  he two con t r ibu t ions  

t o  a f i r s t  o rde r ,  t r ansve r se ,  a-c  magnetic f o r c e  a c t i n g  

on t h e  e l ec t ron .  The f irst  c o n t r i b u t i o n  r e s u l t s  from 

18 
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. .  

the combination of the d-c axial velocity uzo and the 

a-c transverse magnetic flux density 3 

second results from the combination of the d-c axial 

magnetic flux density B 

UT1 
in the calculation of the acceleration of the electron. 

Of these two trafisverse magnetic force terms, the first 

leads to a second order contribution to the power 

exchange, 

while the T1’ 

and the a-c transverse velocity zo 
- of the electron. Both of these terms must be included 

Y (13) 

while the other term leads to a contribution which is 

identically zero. The axial magnetic force due to a 

transverse a-c velocity u and a.transverse a-c magnetic T 1  

flux density BT1, given by -e(cT1 x BTl), is a second 

order term and should not be included in the aceeleration 

expression in a small signal analysis. However, the 

scalar product of the d-c axial velocity uzo with this 

a-c magnetic force 

- 
-e u a (ii XB ) zo z T 1  T 1  J 

is a second order term which must be accounted for in 
+I.. bile Tr? I 1  1 P.7 n f  

I W L U ,  this term w i l l  i i i q k  
U -- cance l  t h e  

previous term so that the net power exchange contains 

no contribution from the magnetic.force, in accordance 

with (12). 

19 



I n  der iv ing  t h e  power exchanged between t h e  

electromagnet ic  f i e l d  and t h e  e l e c t r o n  beam, usua l ly  

t h e  equat ions of motion a r e  used t o  develop t h e  power 

expression i n  a convenient form. The d iscuss ion  above 

concerning t h e  magnetic force  terms suggests  t h a t  c a r e  

must, be exercised when the s m a l l  s i g n a l  equations of 

motion of t h e  e l e c t r o n  beam a r e  used so  t h a t  extraneous 

terms involv ing  t h e  magnetic f o r c e  a r e  not  introduced 

i n a d v e r t e n t l y  i n t o  t h e  expression f o r  t h e  power. 

B. Power Exchange f o r  TEM C i r c u i t  Wave I n t e r a c t i o n  

The power absorbed by t h e  e l e c t r o n  beam from t h e  

electromagnet ic  f i e l d ,  per u n i t  d i s t ance  along t h e  beam 

a x i s ,  i s  

where Io s t h e  d-c cur ren t  a long t h e  beam s p i r a l .  I n  

t h e  framework of a s m a l l  s i g n a l  t h e o r y , ' t h e  t ime average 

power absorbed by t h e  e l ec t ron  beam from t h e  a-c e l e c t r o -  

magnetic f i e l d  i s  

The f i rs t  p o i n t  t o  no te  i s  t h a t  t h e  e l e c t r i c  f i e l d  
- 
E should be evaluated a t  t h e  a c t u a l  p o s i t i o n  of t h e  

20 
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e l e c t r o n s  i n  t h e  presence of t h e  a-c  e lectromagnet ic  

f i e l d  and not  a t  t h e  d-c, o r  unperturbed, p o s i t i o n .  

T h a t  i s ,  t h e  e l e c t r i c  f i e l d  i n  (16) should be w r i t t e n  

as  

- -  
E ( r )  = z(yo + Fl) = E(Fo) + (T1 - v ) X ( F o ) .  (17) 

The second term on t h e  r i g h t  s i d e  of (17) i s  a second 

order  a-c term which i s  neglected compared t o - t h e  f i r s t  

order  a-c terms i n  t h e  equations of motion of t h e  s m a l l  

s i g n a l  a n a l y s i s .  I n  t h e  expression for t h e  t ime average 

power exchange, however, only second order  terms con t r ibu te ,  

and t h i s  one mus t  be included. Thus, c o r r e c t  t o  second 

order ,  t h e  power exchange i s  

where z i s  evaluated a t  t h e  unperturbed p o s i t i o n  of t h e  

e l ec t rons .  

For convenience, t he  d i scuss ion  w i l l  be l i m i t e d  here  

t o  t h e  i n t e r a c t i o n  between a s p i r a l i n g  e l e c t r o n  beam and . 

t h e  electromagnet ic  f i e l d  of a TEM c i r c u i t .  The method 

developed can l a t e r  be appl ied t o  t h e  i n t e r a c t i o n  with 

TE c i r c u i t s ,  e t c .  We assume for t h e  remainder of t h i s  

r e p o r t  t h a t  t h e  e l e c t r i c  f i e l d  3 and magnetic f i e l d  

a r e  pu re ly  t r a n s v e r s e ,  d o  not  va ry  i n  t h e  t r a n s v e r s e  

p lane ,  and propagate  a t  t h e  v e l o c i t y  of l i g h t  i n  t h e  

21 



absence of interaction with the electron beam. For TEN 

wave interaction, Equation (18) can be written in terms 

of the circularly polarized components of the fields and 

velocities as 

(The primed quantities were defined previously, 1 
1 

us = u+ exp (T jq), etc.) - - 
The procedure to be followed is to evaluate 

Equation (19) for the various combinations of beam waves 

and circuit waves of interest. A necessary prerequisite 

is to be able to express the electron beam velocity El 
and displacement r in terms of the beam wave eigenvectors. 1 
From the definitions of the beam waves, 1 

- 
1 

1 

= M  0 

1 
I 

L c 

5 3  

c23 

c33 

-c43 

1 

-1 

0 

‘42 ‘43 

-‘61 ‘33 

0 

0 

0 

c44 
0 

0 

0 

0 

0 

0 

-c44 
0 

- 
0 

0 

0 

0 

0 

‘66 
- 

( 2 0 )  

where fo-r the TEM circuit wave interaction, 
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-1 1/2 c33 - [(l - a 2 ) ( 2 , + j S 2 )  , 
- 1 +s2  

20 f(1 + f  2 ) 1/2 ~4~ = j 
(1 - c12)1/2 2 + J 2  

2 1 - 0  2 1/2 
c44 = - j  

2 + J 2  

-j 
l + 0 J  

'66 = 

In t hese ,  (P= w,r,/c and o = i , / c .  By inverting the m a t r i x ,  
b Y  v 
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- -  
I 

U 

I 
U 

1 Z 

I 

I 
COCr 

O C r  

u)zl 
- - 

-1 = M  

- 
1/2 1/2 d l 3  0 0 0 

1/2 -1/2 d23 0 0 

d33 

d 4 1  d42 d43 d44 0 0 

-d41 d42 d53 0 -d44 0 

0 d62 d63 0 0 

0 0 0 0 0 

- -  
(22) 

where 
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I n  add i t ion ,  we f ind  that f o r  TEM c i r c u i t  waves propagat ing 

i n  t h e  +z d i r e c t i o n ,  

T 

while  f o r  TEM c i r c u i t  waves propagat ing i n  t h e  - z  d i r e c t i o n ,  

Consider f i r s t  t h e  i n t e r a c t i o n  between t h e  P+ 1 beam 
1 

wave and t h e  F 

+z d i r e c t i o n ) .  Equation (19) becomes 

c i r c u i t  wave (both waves propagate i n  t h e  + 

1 f *  -I 
- -  dP - - / 3  Re (F+P+ ) . 4Mi0 A (25) 

1 

The c i r c u i t  wave amplitude F+ can be el iminated by 

us ing  t h e  appropr i a t e  equation of motion r e l a t i n g  P+ 

and F+ (Equation 20a of  re ference  l), 

1 

1 

- T h i s  can be s i m p l i f i e d  and i n t e g r a t e d  t o  give t h e  power 
1 

a s s o c i a t e d  w i t h  t h e  P+ beam wave, 



T h i s  power i s  p o s i t i v e  f o r  a l l  d-c 

I n  a similar manner t h e  power 

beam wave when i t  i s  exci ted by 
1 

P + 
i s  

beam condi t ions.  

a s soc ia t ed  w i t h  t h e  

t h e  G+ c i r c u i t  wave 
1 

P =  

The r e s u l t  i s  s l i g h t l y  d i f f e r e n t  i n  t h i s  case  where t h e  

c i r c u i t  wave propagates  i n  t h e  - z  d i r e c t i o n .  

examination of (28) shows t h a t  again t h e  power i s  posi-bive 

f o r  a l l  p h y s i c a l l y  r e a l i z a b l e  d-c beam condi t ions .  

Evident ly ,  t h e  P beam wave i s  a p o s i t i v e  energy wave 

f o r  a l l  TEN c i r c u i t  wave i n t e r a c t i o n s .  

However, 

t 

+ 

It i s  not  p o s s i b l e  t o  consider  t h e  power a s soc ia t ed  
1 1 

with t h e  P beam wave sepa ra t e ly  from t h e  P+ 

because P i s  n o t  an  eigenvectop of t h e  beam 

Therefore,  both P, and P mus t  be considered 

whenever P i s  exc i t ed .  Using t h e  procedure 

- 
1 

- 
1 1 

- 
1 

- 

beam wave, 

system. 1 

s imult  ane ou s l y  

out l ined  
1 1 

above, t h e  power assoc ia ted  with t h e  P+ and P .  beam waves 

when they  i n t e r a c t  w i t h  a F+ c i r c u i t  wave i s  

- 
1 
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? 

7' 

lid2) ( l + O . F )  P =  
CT 92 c ]  + :2+s")(1-0) - - 

p+ p+ 

(2+f2)(1-0) + 2.2 2- 
1-0 l+.f 

0 

1 
and when t h e y  i n t e r a c t  w i t h  a G+ c i r c u i t  wave i s  

I n  each case  t h e  f i r s t  two terms i n  t h e  express ion  f o r  

t h e  power are  p o s i t i v e .  The s i g n  of t h e  t h i r d  term i n  

each case  depends on t h e  r e l a t i v e  phase of P+ and P - . 1 I 



.. 
t. 

I 
- - _. - .- 

It appears t h a t  f u r t h e r  study involv ing  p a r t i c u l a r  

e l e c t r o n  beam and c i r c u i t  s t r u c t u r e s  w i t h  t h e i r  a s soc ia t ed  

boundary condi t ions  i s  necessary t o  explore  t h i s  power 

and i t s  p o s s i b l e  s ign.  

T h i s  same procedure can be appl ied  t o  t h e  o the r  beam 

waves f o r  t h e i r  p o s s i b l e  i n t e r a c t i s m  with t h e  c i r c u i t  

waves i n  order  t o  determine t h e i r  a s soc ia t ed  power. 

Examination of Equations (19) and (22) shows t h a t  t h e  

Q+ and Q - beam waves w i l l  not  couple t o  a TEN c i r c u i t  

wave. 

o r  t h e  F - c i r c u i t  waves. 

1 1 

1 
The V’ beam wave can couple t o  e i t h e r  t h e  G+ 

1 
The power a s soc ia t ed  w i t h  t h e  

1 
V’ beam wave when i t  i s  exc i ted  by t h e  G+ c i r c u i t  wave i s  

1 
and when it  i s  exc i t ed  by t h e  F - c i r c u i t  wave i s  

P =  
I *  1 4v v 

(l+a) JZ 
rl 

1+G2.f2 I. (5 /E7 
1+P2 

I n  t h e  f i r s t  case t h e  power i s  always p o s i t i v e ;  i n  t h e  

second case t h e  power may be negat ive ,  but only f o r  

extremely high d-c beam v e l o c i t i e s .  The W beam wave 

can i n t e r a c t  w i t h  e i t h e r  t h e  F+ or t h e  G+ c i r c u i t  waves. 

I n  each‘case t h e  power i s  

1 

1 1 
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2 2 2 w f +  1 
p = -  4(1 + 0 4  ) W 

(1-0 2 )(1+3 2 ) ( 3 3 )  

This  i s  nega t ive  f o r  all d-c beam condi t ions .  

The impl i ca t ions  of t h e s e  r e s u l t s  f o r  t h e  power 

a s s o c i a t e d  with t h e  beam waves when i n t e r a c t i n g  w i t h  

va r ious  TFX c i r c u i t  waves must be explored f u r t h e r  to 

c l a r i f y  t h e  p o s s i b i l i t i e s  f o r  a m p l i f i c a t i o n  and 

o s c i l l a t i o n  of t h e  e l e c t r o n  beam - c i r c u i t  system. 

This g e n e r a l  procedure can a l s o  be used t o  explore  t h e  

power a s s o c i a t e d  w i t h  t h e  beam waves when t h e y  are 

exc i t ed  by TE or TM c i r c u i t  waves. 
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